Abstract. An extension of the estimates for the squeezing function of strictly pseudoconvex domains obtained recently by J. E. Fornaess and E. Wold in [6] is applied to derive a sharp boundary behaviour of invariant metrics and Bergman curvatures.
it was shown that if bΩ is C 3 -, resp. C 4 -smooth, then
where C > 0 is a constant and δ Ω (z) = dist(z, bΩ). E.F. Wold posed the question what is the optimal estimate for σ Ω if bΩ is C 2,ε -smooth, see [17] (see also [7] ). Theorem 1 below shows that similar estimates as above hold in the C 3,ε -and C 3,ε -smooth cases. Consider the following assumption: ( * ) ε ∈ (0, 1], k ∈ {0, 1}, ε k = k+ε 2
, and p is a C k+2,ε -smooth strictly pseudoconvex boundary point of a domain Ω in C n .
Theorem 1. If ( * ) holds and Ω ⋐ C n admits a Stein neighborhood basis, then there exist a constant C > 0 and a neighborhood U of p such that
Note that no global strictly pseudoconvexity is assumed.
Proof. The proof follows the same lines to that of [6, Theorem 1.1] (the C 3 -and C 4 -smooth cases), replacing there k by 2 + 2ε k and setting
Similarly to [3, 6, 20] , we will apply Theorem 1 to derive a sharp boundary behaviour of invariant metrics and Bergman curvatures. II. D. Ma in [14] obtained sharp estimates for the behavior of the Kobayashi metric near C 3 -smooth strictly pseudoconvex points. S. Fu in [8] refined these estimates in the C ∞ -smooth case. It was shown in [15] that Ma's approach works also in the C 2,ε -smooth case. Similarly, it can be observed that Fu's arguments can be adapted to the C 3,ε -smooth case (we skip the details). Before we state the precise results, recall the definitions of the Carathéodory and Kobayashi metrics: 
where L is the Levi form of δ Ω .
Theorem 2 remains true in the C 2 -smooth case, replacing the term Cδ Ω (z) ε k by any positive number. The next corollary is a consequence of Theorems 1 and 2, and the following estimates (see [1, 6, 16] ):
Corollary 3. If ( * ) holds and Ω ⋐ C n admits a Stein neighborhood basis, then the estimates from Theorem 2 remain true for γ Ω and
instead of κ Ω , where β Ω is the Bergman metric (see below ).
When Ω is a C 3 -or C 4 -smooth strictly pseudoconvex domain, Corollary 3 can be found in [6, 3] . We also refer to [15] in the case of β Ω and C 2,ε -smoothness. There the global assumption is weaker, namely pseudoconvexity. Later, we will obtain the same in the C 3,ε -smooth case, ε = 1.
Note also that when Ω is a C ∞ -smooth strictly pseudoconvex domain, the estimate from Theorem 1 implies the same estimate for γ Ω . This fact is proved in [8] by using the Fornaess embedding theorem (see e.g. [9] ), where the global strictly pseudoconvexity is essential.
III. As another application of Theorem 1, we will explore the boundary behavior of holomorphic sectional curvature s Ω , the Ricci curvature r Ω , and the scalar curvature t Ω of the Bergman metric β Ω near C 2,ε -and C 3,ε -smooth strictly pseudoconvex boundary points of an arbitrary pseudoconvex domain Ω in C n (even not necessarily bounded). When Ω is C ∞ -smooth and strictly pseudoconvex, more precise results can be obtained by using Fefferman's asymptotic expansion of the Bergman kernel (see [5] ).
Our approach is based on fact these Bergman invariants can be expressed by extremal domain functions.
Denote by L 2 h (Ω) all holomorphic square integrable functions on Ω; we write || · || Ω for the norm in L 2 (Ω). Set:
It is well-known (see e.g. [9, 11, 19, 20] ) that J 0 Ω is equal to the Bergman kernel K Ω on the diagonal, and
, where b Ω is the bisectional curvature of β Ω (we assume that K D (z) = 0 and β Ω (z; Z) = 0 if Z = 0). Recall that s Ω (z; X) = b Ω (z; X, X) and
where e 1 , . . . , e n is any basis of C n (r Ω and c Ω do not depend on the choice of the basis).
Theorem 4. If ( * ) holds, ε k = 1, and Ω is pseudoconvex, then there exist a constant C > 0 and a neighborhood U of p such that
, and the estimates from Theorem 2 remain true for
The above theorem is still valid in the C 2 -smooth case, replacing the term Cδ Ω (z) ε k by any positive number (see also [11] and the references there in the bounded case).
When Ω is a C 3 -or C 4 -smooth strictly pseudoconvex domain, Theorem 4 is contained in [20] .
To prove this theorem, we need the following localization result.
Theorem 5. Let p be a strictly pseudoconvex boundary point of a pseudoconvex domain Ω in C n , and let V be a bounded neighborhood of q. There exist a neighborhood U ⊂ V of p and a constant C > 0 such that if z ∈ Ω ∩ U and X, Y ∈ (C n ) * , then
≥ J
Theorem 5 is proved in [15] for J 0 and J 1 . The proof for J 2 is similar and we skip it. The proof in [15] shows that Theorem 5 remains true under the following general hypothesis: there exist neighborhoods V 3 ⊂ V 2 ⋐ V 1 ⊂ V of p and a constant C > 0 such that for any q ∈ ∂D ∩ V 2 there is a peak function θ q for D ∩ V 1 at q with
For example, this holds if p is a locally convexifiable point of finite type 2m, see [4] ; then 1 − |θ q (z)| ≥ c||z − q|| 2m with c > 0 independent of q.
We will also use the following estimates, say (E), (see [20] ):
Proof of Theorem 4. We may choose a neighborhood V of p so that Ω∩ V is a strictly pseudoconvex domain. Since b Ω∩V is bounded, Theorem 5 provide a neighborhood U ′ ⊂ V of q and a constant
It remains to apply the estimates (E) and Corollary 3 for Ω ∩ V instead of Ω, and then Theorem 1. The above proof implies that Theorem 4 remains true in the C 3,1 -smooth case (ε k = 1) with δ Ω log δ Ω instead of δ Ω . It is natural to ask whether the log term can be canceled. The answer would be affirmative if Theorem 5 holds with no log term.
Note also that the proof of Theorem 4 can be adapted to other Bergman invariants which can be expressed by extremal functions. For example, let J Ω (z) = ∆(z) K Ω (z) be the canonical Bergman invariant, where ∆ Ω (z) is the determinant of the quadratic form β Ω (z; ·) (see e.g. [5, 11] ). Then, under the hypotheses of Theorem 4, for z near p we have that |n!J Ω (z) − (n + 1)π n | = O(δ Ω (z) ε k ).
The C 2 -smooth case for Ω bounded is treated in [11] ; then o(1) appears.
